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a b s t r a c t
Every graph G contains a minimum vertex-coloring with the property that at least one
color class of the coloring is a maximal independent set (equivalently, a dominating set)
in G. Among all such minimum vertex-colorings of the vertices of G, a coloring with the
maximum number of color classes that are dominating sets in G is called a dominating-
χ-coloring of G. The number of color classes that are dominating sets in a dominating-
χ-coloring of G is defined to be the dominating-χ-color number of G. In this paper, we
continue to investigate the dominating-χ-color number of a graph first defined and studied
in [1].
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Graph coloring and domination are two major areas in graph theory that have been well studied; see for example [2–4].
A parameter, the dominating-χ-color number, relating these two areas was introduced in [1]. In this paper we continue the
study of the dominating-χ-color number and consider a question posed in [1]. We begin with some basic definitions.
Let G = (V , E) be a graph with order |V | = n. For any vertex v ∈ V , the open neighborhood of v, denoted by N(v), is the
set {u ∈ V | uv ∈ E} and its closed neighborhoodN[v] = N(v)∪{v}. For a set S ⊆ V , its open neighborhoodN(S) =v∈S N(v)
and its closed neighborhood N[S] = N(S) ∪ S. An S-external private neighbor of a vertex v ∈ S is a vertex u ∈ V \ S which is
adjacent to v but to no other vertex of S. The set of all S-external private neighbors of v ∈ S is called the S-external private
neighbor set of v and is denoted by epn(v, S). If each vertex in S has an S-external private neighbor, then we say that S is a
private set.
The corona cor(H) of a graph H (denoted by H ◦ K1 in [3]) is that graph obtained from H by adding a pendant edge to
each vertex of H . Thus, the corona of H is the graph formed from H by adding a new vertex v′ and edge vv′ for each vertex
v ∈ V (H). A support vertex of a graph is a vertex adjacent to a degree-1 vertex.
The minimum cardinality of a maximal independent set of a graph G is called the lower independence number and is
denoted by i(G). A set S is a dominating set if N[S] = V , or equivalently, every vertex in V \ S has a neighbor in S. Since
a set is maximal independent if and only if it is a dominating set, the lower independence number is also known as the
independent domination number and can be thought of as the minimum cardinality of an independent dominating set of G.
A proper coloring of a graph G is an assignment of colors (elements of some set) to the vertices of G, one color to each
vertex, in such a way no two adjacent vertices receive the same color. Since all colorings in this paper are proper colorings,
we simply call a proper coloring a coloring. A coloring in which k colors are used is a k-coloring. A graph is k-colorable if there
exists an ℓ-coloring for some ℓ ≤ k. The chromatic number of G, denoted by χ(G), is the minimum integer k for which G is
k-colorable.
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Fig. 1. A cubic graph Gwith χ(G) = 3 and dχ (G) = 2.
In a given coloring of the vertices of a graph G, a set consisting of all those vertices assigned the same color is called a
color class. These color classes partition V into independent sets, albeit not necessarily dominating sets. If C is a coloring of
G with color classes U1,U2, . . . ,Ut , then we write C = (U1,U2, . . . ,Ut). The problem investigated in this paper involves
determining themaximumnumber ofmaximal independent sets (equivalently, independent dominating sets) in aminimum
coloring of G.
Among all χ(G)-colorings of G, let C be chosen to have a color class U that dominates as many vertices of G as possible. If
there is a vertex inGnot dominated byU , then deleting such a vertex from its color class inC and adding it to the color classU
produces a newminimumvertex-coloring that contains a color classwhich dominatesmore vertices thanU , a contradiction.
Hence, the color class U dominates G. Thus we have the following observation first observed in [6].
Observation 1 ([6]). Every graph G contains a χ(G)-coloring with the property that at least one color class is a dominating set
in G.
Motivated by Observation 1, Arumugam et al. [1] defined the dominating-χ-color number, which they called the dom-
color number, as follows. Among all χ(G)-colorings of G, a coloring with the maximum number of color classes that are
dominating sets in G is called a dominating-χ-coloring of G. The number of color classes that are dominating sets in a
dominating-χ-coloring of G is defined to be the dominating-χ-color number of G, denoted by dχ (G). Hence for a χ(G)-
coloring C of G, if dC denotes the number of color classes in C that are also dominating sets of G, then dχ (G) = max{dC},
where the maximum is taken over all χ(G)-colorings of G.
The dominating-χ-color number is an example of prioritizing properties, that is, the first priority is to have a minimum
coloring and the second priority, subject to the first, is to have as many dominating color classes as possible.
We continue the study of the dominating-χ-color number in this paper, spurred on by the joint applications of coloring
and domination. Scheduling is one of the first applications one considerswith coloring, andmany applications of domination
involve resource allocation, so the dominating-χ-color could easily be motivated by real-life problems where scheduling
and resource allocation are combined. For instance, assume each vertex in a graph G represents a processor in a parallel
processing system, and an edge between two vertices represents direct access between the processors. Assume further that
the direct access could cause conflict with the two processors running at the same time. Suppose we want to minimize the
time frame to complete the computing tasks while allowing only nonconflicting processors to run in parallel, and that our
second priority is to maximize the number of computing groups with the property that every processor outside the group
has direct access to at least one in the group. Then a χ-coloring is the minimum number of time slots necessary to schedule
all the processors, where each color class would represent a group of processors working in parallel. Among all the possible
ways of scheduling the parallel processing groups in χ time slots, the dominating-χ-coloring would tell us the maximum
number of groups meeting our second priority.
As an immediate consequence of Observation 1, we have that dχ (G) ≥ 1 for all graphs G. By definition, we have that
dχ (G) ≤ χ(G). Thus we have the following observation.
Observation 2 ([1]). For all graphs G, 1 ≤ dχ (G) ≤ χ(G).
To illustrate the dominating-χ-color number of a graph, consider for example the cubic graph G of order 8 shown in Fig. 1
with χ(G) = 3. By the Pigeonhole Principle, every 3-coloring of G has at least one color class of cardinality 2. Such a color
class does not dominate G since γ (G) = 3, and so dχ (G) ≤ 2. The 3-coloring of G indicated in Fig. 1 that uses the colors 1, 2
and 3 has two color classes, namely the color classes associated with colors 1 and 2, that both dominate G, and so dχ (G) ≥ 2.
Consequently, dχ (G) = 2.
Clearly, ifG has an isolated vertex, then dχ (G) = 1, while ifG is the complete graph Kn, then dχ (Kn) = χ(Kn) = n. Further
if dχ (G) = n, then G = Kn and χ(G) = n. The 2-chromatic graphs G are the bipartite graphs with at least one edge, and if
G has no isolated vertices, then each of the two partite sets (color classes) of G is a dominating set of G. Hence, we have the
following observation from [1] (see Example 2.21 in [1]).
Observation 3 ([1]). Let G be a graph of order n with no isolated vertex. Then,
(a) χ(G) = n if and only if dχ (G) = n if and only if G = Kn.
(b) If G is bipartite, then dχ (G) = 2.
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Arumugamet al. [1] showed that ifG is uniquelyχ-colorable, then dχ (G) = χ(G). The following two interesting questions
are posed in [1].
Question 1. Characterize the graphs G for which dχ (G) = 1.
Question 2. Characterize the graphs G satisfying dχ (G) = χ(G).
In this paper we continue the study of the dominating-χ-color number of a graph. In Section 2 we present some
preliminary results. In Section 3 we consider Question 1 and present conditions on a graph G satisfying dχ (G) = 1 and
dχ (G) > 1. In Section 4 we give existence results, while in Section 5 we present upper bounds on the dominating-χ-color
number. Finally, in Section 6 we discuss complexity issues.
2. Preliminary results
Let C be a dominating-χ-coloring of G, and let U1, . . . ,Ut be the color classes of C that are dominating sets in G. Thus,
dχ (G) = t . Let v be a vertex of minimum degree δ(G) in G. For each i = 1, . . . , t , either v ∈ Ui or v′ ∈ Ui for some neighbor
v ∈ N(v) of v. Hence, dχ (G) = t ≥ |N[v]| = dG(v)+ 1 = δ(G)+ 1. Thus we have the following trivial upper bound on the
dominating-χ-color number of a graph.
Observation 4. For all graphs G, dχ (G) ≤ δ(G)+ 1.
As shown in Observation 3, if G = Kn, then dχ (G) = δ(G) + 1. Next we show that there are infinitely many cycles that
achieve the upper bound in Observation 4.
Proposition 5. For n ≥ 3, dχ (Cn) =

3 if n ≡ 3 (mod 6)
2 otherwise.
Proof. Let G = Cn. As a special case of Observation 3(b), we have that if G is an even cycle, then dχ (G) = 2. Suppose that G
is an odd cycle, and so n is odd. Then, χ(G) = 3. Coloring the first n− 1 vertices of the cycle alternatively with colors 1 and
2, and then coloring the nth vertex of the cycle with color 3 produces a χ(G)-coloring in which two color classes, namely
the color classes associated with colors 1 and 2, both dominate G. Hence, dχ (G) ≥ 2. Suppose that dχ (G) = 3 (and still n
is odd). Then there is a coloring C of G in which each of the three color classes dominate G. Hence every three consecutive
vertices on the cycle are colored with different colors. In particular, no two vertices in the same color class have a common
neighbor. Hence each color class is a packing in G; that is, if U is a color class in G, then dG(u, v) ≥ 3 for every two vertices
u, v ∈ U . Since every color class dominates G, we therefore have that n ≡ 0 (mod 3). However n is an odd integer, whence
n ≡ 3 (mod 6). 
3. Graphs with dominating-χ-color number one
In this section, we consider Question 1. As observed earlier, if G has an isolated vertex, then dχ (G) = 1. We remark that
for n ≥ 3, if G = cor(Kn) is the corona of a complete graph on n vertices, then dχ (G) = 1. However, next we show that even
if the minimum degree is arbitrary large, the dominating-χ-color number may be 1.
Theorem 6. For every integer k ≥ 0, there exists a connected graph G with δ(G) = k and dχ (G) = 1.
Proof. For k = 0, take G = K n. Hence we may assume that k ≥ 1. Let Gk be obtained from a complete 3-partite graph with
partite sets A, B and C each of cardinality k by adding three new vertices a, b and c and adding all edges between vertex a
and vertices in A, between vertex b and vertices in B, and between vertex c and vertices in C . By construction, δ(Gk) = k.
Since K3 is a subgraph of Gk, we have that χ(Gk) ≥ 3. However, (A ∪ {b}, B ∪ {c}, C ∪ {a}), for example, is a 3-coloring of G,
and so χ(Gk) ≤ 3. Consequently, χ(Gk) = 3.
Next we show that dχ (G) = 1. Let C = (U1,U2,U3) be a 3-coloring of Gk where vertices in color class Ui are colored
with color i, i = 1, 2, 3. If S ∈ {A, B, C}, then necessarily all vertices in S are colored with the same color. We may assume
that all vertices in A are colored 1, all vertices in B are colored 2 and all vertices in C are colored 3. The vertex a is colored
with color 2 or 3. We may assume that a is colored 2. Since the vertex a is not dominated by U3, the color class U3 is not
a dominating set of Gk. We show that at most one of the remaining two color classes is a dominating set of Gk. Either the
vertex c is colored with color 1 or with color 2. On the one hand, if c is colored 1, then the color class U2 is not a dominating
set of Gk. On the other hand, if c is colored 2, then the color class U1 is not a dominating set of Gk. Hence, at most one of the
three color classes of C is a dominating set of Gk. Thus, dχ (G) ≤ 1. Consequently, by Observation 2, dχ (G) = 1. 
Recall that a support vertex is a vertex adjacent to a degree-1 vertex. The following lemma will prove to be useful.
Lemma 7. If every χ(G)-coloring of a graph G uses at least three colors to color the support vertices of G, then dχ (G) = 1.
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Proof. Let S denote the set of support vertices in G. Let χ(G) = k and suppose that every k-coloring of G uses at least
three colors to color the vertices of S. Then, k ≥ 3. We show that dχ (G) = 1. By Observation 4, dχ (G) ≤ δ(G) + 1 = 2.
Assume that dχ (G) = 2. Let C = (U1,U2, . . . ,Uk) be a k-coloring of G where vertices in color class Ui are colored with
color i, i = 1, 2, . . . , k. We may assume that U1 and U2 are the two color classes of C that are dominating sets in G. By
assumption at least one vertex v in S is colored with color j for some j ≥ 3. Hence each degree-1 vertex u adjacent to v in
G is dominated by exactly two color classes, namely the color class that contains u and the color class Uj that contains the
neighbor v of u. Thus each degree-1 vertex adjacent to v in G is not dominated by at least one of U1 and U2, a contradiction.
Hence, dχ (G) = 1. 
We note that Lemma 7 is best possible. To see this, let G be the 2-corona of a complete graph Kp for p ≥ 2, that is, G is
the graph of order 3p obtained from Kp by attaching a path of length 2 to each vertex of Kp so that the resulting paths are
vertex-disjoint. In any χ(G)-coloring, the support vertices of G require two colors and dχ (G) = 2.
We next give a condition for which the dominating-χ-color number is not equal to one.
Proposition 8. If every independent dominating set of a graph G is a private set, then dχ (G) ≥ 2.
Proof. Let G = (V , E) be a graph such that every independent dominating set of G is private. Let χ(G) = χ . Among all
χ(G)-colorings of G, let C = (V1, V2, . . . , Vχ ) be chosen so that
(1) |N[V1]| is maximized.
(2) Subject to (1), |N[V2]| is maximized.
Thus, the color class V1 dominates as many vertices in V as possible, and subject to this condition, the color class V2
dominates as many vertices of V as possible. If there is a vertex in G not dominated by V1, then deleting such a vertex
from its color class in C and adding it to the color class V1 produces a new χ(G)-coloring of G that contains a color class
which dominates more vertices than V1, a contradiction. Hence, the color class V1 dominates V . Thus, V1 is an independent
dominating set of G.
We first show that the color class V2 dominates V \ V1. Suppose there is a vertex u ∈ V \ V1 not dominated by V2. Then,
u ∈ Vj for some j > 2. We now delete the vertex u from Vj and add it to the color class V2 produces a new χ(G)-coloring
C ′ = (V ′1, V ′2, . . . , V ′χ ) of G where V ′2 = V2 ∪ {u}, V ′j = Vj \ {u}, and V ′k = Vk for k ∉ {i, j}. Moreover, C ′ has the property
that V ′1 dominates V but V
′
2 dominates more vertices of V than does V2, contradicting our choice of C. Hence, V2 dominates
V \ V1.
Next we show that V2 dominates V1. Assume, to the contrary, that there is a vertex x ∈ V1 not dominated by V2. By
assumption, the independent dominating set V1 is a private set. We now consider the set X = epn(x, V1). Since V2 does not
dominate x, we note that X ⊆ V \ (V1 ∪ V2). Let I be an independent dominating set of the subgraph G[X] induced by X .
Then, V ∗1 = (V1 \{x})∪ I is an independent dominating set of G. Let V ∗2 = V2∪{x}, and let V ∗i = Vi \ I for i ≥ 3. This produces
a new χ(G)-coloring C∗ = (V ∗1 , V ∗2 , . . . , V ∗χ ) of Gwhere V ∗1 dominates V but V ∗2 dominates more vertices of V than does V2,
contradicting our choice ofC. Hence, V2 dominates V1. Consequently, V2 dominates V . Therefore, there are at least two color
classes in G that both dominate V , implying that dχ (G) ≥ 2. 
4. Existence results
In this section, we determine for which pairs of integers (k, ℓ) there exists a connected graph G with χ(G) = k and
dχ (G) = ℓ.
Theorem 9. There is no connected graph G with χ(G) = 2 and dχ (G) = 1. For all integers k ≥ ℓ ≥ 1, different from the pair
(k, ℓ) = (2, 1), there exists a connected graph G with χ(G) = k and dχ (G) = ℓ.
Proof. If G is a connected graph with χ(G) = 2, then G is bipartite and by Observation 3, dχ (G) = 2. Suppose, therefore,
that k ≥ ℓ ≥ 1 and (k, ℓ) ≠ (2, 1). If k = ℓ, then simply take G = Kk. Hence we may assume that k ≥ ℓ+ 1. Suppose that
ℓ = 1, and so k ≥ 3. Let H = Kk and let G = cor(H) be the corona of H . Then, χ(G) = k. Since the vertices of H are precisely
the support vertices of G and H = Kk where k ≥ 3, Lemma 7 implies that dχ (G) = 1. Thus, dχ (G) = ℓ and χ(G) = k.
Suppose that ℓ ≥ 2 (and still k ≥ ℓ + 1). Let H be the complete graph Kk with vertex set V (H) = {v1, v2, . . . , vk}. For
i = 1, 2, . . . , ℓ, let Fi be a complete graph Kℓ−1 and let F = ℓi=1 Fi be the disjoint union of the graphs F1, F2, . . . , Fℓ. Let
G be obtained from the disjoint union F ∪ H of F and H by adding for each i = 1, 2, . . . , ℓ, the edges joining vi to vertices
in V (Fi). Then, G is a graph of order k + ℓ2 − ℓ with δ(G) = ℓ − 1. Since Kk is a subgraph of G, we have that χ(Gk) ≥ k.
However, coloring vi with color i for i = 1, 2, . . . , k and coloring the ℓ− 1 vertices in V (Fj)with the ℓ− 1 colors in the set
{1, 2, . . . , ℓ} \ {j} for each j = 1, 2, . . . , ℓ, produces a k-coloring C of G, and so χ(G) ≤ k. Consequently, χ(G) = k. Since the
χ(G)-coloring C of G has ℓ color classes that are dominating sets in G, namely the color classes associated with the colors
1, 2, . . . , ℓ, we have that dχ (G) ≥ ℓ. By Observation 4, dχ (G) ≤ δ(G)+ 1 = ℓ. Consequently, dχ (G) = ℓ and χ(G) = k. 
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5. Upper bounds
Recall that by Observation 4, dχ (G) ≤ δ(G)+1 for every graph G. In this section, we present another upper bound on the
dominating-χ-color number of a graph. For this purpose, for an integer ℓ ≥ 1 and for a vertex v in a graph G, if there exists
a set Sv of neighbors of v such that Sv induces a graph with minimum degree at least ℓ − 1, and no vertex in Sv dominates
N[v] and no vertex in Sv has a neighbor outside of Sv ∪ {v}, then we call v an ℓ-dominator. We define a set S of vertices in a
graph G to be an ℓ-dominant set if S satisfies the following three conditions:
(a) Every vertex in S is an r-dominator for some r ≤ ℓ;
(b) At least one vertex in S is an ℓ-dominator;
(c) N[x] ⊈ N[y] and N[y] ⊈ N[x] for every two vertices x and y in S.
For example, the set of support vertices in a graph from a 1-dominant set in the graph. As a further example, for integers
k ≥ 2 and ℓ ≥ 1, if G is the graph of order k(ℓ + 1) obtained from a complete graph H = Kk by adding a complete graph
Kℓ associated with each vertex v ∈ V (H) and joining v to every vertex of the added complete graph associated with it, then
the set V (H) is an ℓ-dominant set in G.
Lemma 10. Let G be a graph that contains an ℓ-dominant set S for some integer ℓ ≥ 1. If every χ(G)-coloring of a graph G uses
at least ℓ+ 2 colors to color the vertices of S, then dχ (G) ≤ ℓ.
Proof. Letχ(G) = k, and suppose that every k-coloring ofG uses at least ℓ+2 colors to color the vertices of S. Then, k ≥ ℓ+2
and |S| ≥ ℓ+2.We show that dχ (G) = ℓ. Let S = {v1, v2, . . . , vs}, where s ≥ ℓ+2.Wemay assume that v1 is an ℓ-dominator.
Since v1 has a neighbor of degree ℓ in G, we note that δ(G) ≤ ℓ. Thus, by Observation 4, dχ (G) ≤ δ(G)+ 1 ≤ ℓ+ 1. Assume
that dχ (G) = ℓ + 1. Let C = (U1,U2, . . . ,Uk) be a k-coloring of G where vertices in color class Ui are colored with color
i, i = 1, 2, . . . , k. We may assume that U1,U2, . . . ,Uℓ+1 are the ℓ + 1 color classes of C that are dominating sets in G. By
assumption at least one vertex v in S is colored with color j for some j ≥ ℓ + 2. The vertex v is an r-color-dominator for
some r ≤ ℓ. In particular, v contains a neighbor u of degree r in G. Since v does not belong to a color class that dominates
G, the vertex u is dominated by at most r ≤ ℓ color classes that dominate G. Thus the vertex u is not dominated by at least
one of the ℓ+ 1 color classes that dominate G, a contradiction. Hence, dχ (G) ≤ ℓ. 
We remark that Lemma 10 is a generalization of Lemma 7. To illustrate Lemma 10, let k ≥ ℓ+ 2 and consider the graph
G of order k(ℓ+ 1) defined in the paragraph preceding Lemma 10. Let V (H) = {v1, v2, . . . , vk}. For i = 1, 2, . . . , ℓ, let Fi be
a complete graph Kℓ corresponding to the vertex vi (and so, vi is joined to every vertex of Fi). As observed earlier, the graph
G contains an ℓ-dominant set, namely V (H). Since H = Kk and k ≥ ℓ + 2, Lemma 10 implies that dχ (G) ≤ ℓ. Since Kk is a
subgraph of G, we have that χ(Gk) ≥ k. Consider the following k-coloring of G. Color vi with color i for i = 1, 2, . . . , k. For
i = ℓ + 1, ℓ + 2, . . . , k, color the ℓ vertices in V (Fj) with the ℓ colors in the set {1, 2, . . . , ℓ}. For i = 1, 2, . . . , ℓ, color the
ℓ vertices in V (Fj) with the ℓ colors in the set {1, 2, . . . , ℓ + 1} \ {j}. This produces a k-coloring C of G with ℓ color classes
that are dominating sets in G, namely the color classes associated with the colors 1, 2, . . . , ℓ. Consequently, χ(G) = k and
dχ (G) ≥ ℓ. Since dχ (G) ≤ ℓ, this implies that dχ (G) = ℓ.
6. Complexity results
In this section, we consider the following decision problem.
Dominating-χ-color Problem (k, r)
Instance: A graph Gwith χ(G) = k and an integer r such that 1 ≤ r ≤ k.
Question. Does there exist a proper k-coloring of G such that at least r color classes are dominating sets?
Heggernes and Telle [5] study a related problem of partitioning the vertices of a graph into generalized dominating sets
and have obtained the following theorem.
Theorem 11 ([5]). The problem of partitioning the vertex set of G into k independent dominating sets in NP-complete for k ≥ 3.
Hence it follows that for arbitrary k ≥ 3, the Dominating-χ-color Problem (k, k) is NP-complete. Next we show that even
for k = 3 and r = 2, the problem is NP-complete.
Theorem 12. Dominating-χ-color Problem (3, 2) is NP-complete, even if dχ (G) ≤ 2 is known.
Proof. The proof is by reduction from 3-SAT. Given an instance (U,C) of 3-SAT, we construct a graph G as follows: For each
boolean variable x in U , add two vertices x and x¯ joined by an edge. Add a vertex v and join v to all the such vertices x and
x¯. For each clause C of C, add a vertex C and join it to the vertices corresponding to the literals in the clause. Finally add a
vertex v′ and join it only to v.
Then, χ(G) = 3 and, by Observation 4, dχ (G) ≤ 2. Now, suppose (X1, X2, X3) is a 3-coloring of G such that exactly two
color classes, say X1 and X2, are dominating sets. Renaming color classes if necessary, we may assume that v ∈ X1 and
v′ ∈ X2. Then it follows that every clause vertex C is in X1 and has a neighbor in X2. Hence the truth assignment which
assigns ‘‘true’’ to all the literals in X2 has the property that each clause C contains at least one true literal. Conversely, if such
a truth assignment exists, then (X1, X2, X3)where X1 = {C : C ∈ C}∪ {v}, X2 is the set of all ‘‘true’’ literals along with v′ and
X3 is the set of all ‘‘false’’ literals, gives a 3-coloring of G in which X1 and X2 are dominating sets. Hence the result follows. 
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The following result is an immediate consequence of Theorems 11 and 12.
Theorem 13. Let G be a graph with χ(G) = 3. Then the problem of deciding whether dχ (G) = 1 is co-NP-complete, even if
dχ (G) ≤ 2 is known.
Proof. To decidewhether dχ (G) ≠ 1, one has to checkwhether dχ (G) = 2 or dχ (G) = 3. Hence it follows from Theorems 11
and 12 that the problem of deciding whether dχ (G) = 1 is in co-NP. Further restricting attention to instances where
dχ (G) ≤ 2 is known, the co-NP-hardness follows from Theorem 12. 
We closewith the remark that the above results show that for any 3-chromatic graph G, the problem of decidingwhether
dχ (G) = χ(G) = 3 or dχ (G) = 1 are both computationally difficult.
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